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Abstract— Incomplete multiview data are collected from mul-
tiple sources or characterized by multiple modalities, where
the features of some samples or some views may be missing.
Incomplete multiview clustering (IMVC) aims to partition the
data into different groups by taking full advantage of the
complementary information from multiple incomplete views.
Most existing methods based on matrix factorization or subspace
learning attempt to recover the missing views or perform impu-
tation of the missing features to improve clustering performance.
However, this problem is intractable due to a lack of prior
knowledge, e.g., label information or data distribution, especially
when the missing views or features are completely damaged.
In this article, we proposed an augmented sparse representation
(ASR) method for IMVC. We first introduce a discriminative
sparse representation learning (DSRL) model, which learns the
sparse representations of multiple views as applied to measure
the similarity of the existing features. The DSRL model explores
complementary and consistent information by integrating the
sparse regularization item and a consensus regularization item,
respectively. Simultaneously, it learns a discriminative dictionary
from the original samples. The sparsity constrained optimiza-
tion problem in the DSRL model can be efficiently solved
by the alternating direction method of multipliers (ADMM).
Then, we present a similarity fusion scheme, namely, a sparsity
augmented fusion of sparse representations, to obtain a sparsity
augmented similarity matrix across different views for spectral
clustering. Experimental results on several datasets demonstrate
the effectiveness of the proposed ASR method for IMVC.

Index Terms— Incomplete multiview data, multiview clustering
(MVC), similarity fusion, sparse representation.

NOMENCLATURE
Symbol  Description
k Dimensionality of subspace.
d Dimensionality of sample.
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n Number of samples or features.
N Number of incomplete views.
d, Dimensionality of features in the vth
view.
1, Number of existing features in the vth view.
X € R¥xn Matrix containing the n samples.
Z c R™" Sparse coefficient matrix.

X(v) c Rd” Xn

ng) e R xm

Matrix containing the n features in the oth
view.

Matrix containing the n, features in the vth
view.

D® ¢ R%*™  Dictionary in the vth view.

Z®) ¢ R™>*™  Sparse coefficient matrix in the vth view.

M® e R Diagonal indicator matrix.

11X1lo Number of nonzero elements in X.

IX] g Frobenius norm of X.

”X“max ||X||max = maxlfifd,1§j§n|xij|-

X7 Transpose of X.

X! Inverse of X.

diag(X) Vector containing the n diagonal elements
of X.

tr(X) Trace of X.

I. INTRODUCTION

ITH the advancement of information acquisition tech-
Wnology, data are generally collected from multiple
sources or characterized by multiple modalities. For example,
news may be reported in different languages, and a facial
image can be described using different types of features [4],
[8], e.g., eigenfaces, fisherfaces, and laplacianfaces. Such data
are referred to as multiview data. Each view of multiview
data usually has its own individual properties. In multiview
data, consistent and complementary information is provided
among different views. Multiview clustering (MVC) optimally
integrates the information from different views to improve
clustering performance compared with obtaining information
from an individual view [6], [31], [32], [37].

A number of MVC approaches have been proposed to
exploit the intrinsic structures of multiview data in recent
years [17], [19], [21], [34], [45]. These approaches usually
learn a common data representation, a common indicator
matrix, or a joint graph compatible across multiple views
for MVC. Chen et al. [7] presented the multiview low-rank
representation (LRR) method to discover the low-dimensional
structures of multiple views under a symmetric constraint.
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Nie et al. [29] presented a scalable and parameter-free graph
fusion framework for MVC. However, most studies often
assume that all the features of samples are available and tightly
aligned in multiple views. In practice, collecting complete
views of all the samples is an intractable problem due to
various reasons, e.g., the high cost of data collection and
exceptions on acquisition equipment. As a result, the features
of some samples do not appear in all views. Such data are
called incomplete multiview data. This brings about difficulty
for most existing MVC methods to exploit consistent and
complementary information from incomplete views. Moreover,
the diversity of different clusters across multiple views cannot
be encouraged directly because of the missing sample features
in some views. Consequently, reducing the negative impact of
missing features on the performance of incomplete multiview
clustering (IMVC) is a challenging problem.

Recently, some IMVC methods have been proposed
to alleviate the above problem. From the perspective of
clustering techniques, the existing IMVC methods are
mainly divided into five categories, subspace learning-based
methods [41], [43], nonnegative matrix factorization
(NMF)-based methods [15], [16], graph-learning-based
methods [20], [39], multiple kernel-based methods [23], [24],
and deep-learning-based methods [21], [38], [42], [44], [46].
Wen et al. [41] present an extension of an LRR model that
incorporates feature-space-based missing-view inferring and
manifold space-based similarity graph learning. NMF aims to
factorize the data matrix into two nonnegative matrices, which
are considered to be a basis matrix and a latent feature matrix
in MVC. Hu and Chen [15] combine an /, j-norm regularized
regression imposed on the feature matrix of individual views
and NMF to reduce the influence of incomplete views.
Liu et al. [23] propose an IMVC method to learn a consensus
clustering matrix by imputing each incomplete base matrix
generated by the incomplete views, where the process of
completing the missing features is replaced with imputing
the incomplete kernel matrices. Xu et al. [42] integrated
elementwise reconstruction into a generative adversarial
network to infer missing data in multiview data. Although
these methods can obtain promising results, there are still
some limitations and drawbacks in IMVC. First, it may be
difficult for the improved LRR model to learn a complete
low-dimensional representation if the features of some samples
are missing in a few views. Second, the nonnegative constraint
of the latent feature matrix may be insufficient to characterize
the incomplete multiview data using the learned basis
matrix, although NMF has straightforward interpretability
for the feature matrix. Finally, imputation is meaningful and
beneficial for IMVC when some features of multiview data
are contaminated with small corruptions or noise. However,
incomplete multiview data are not well recovered if all
features of some samples are missing in some views. These
issues indicate that IMVC still faces significant challenges.

The research in [24] argues that IMVC is essentially a task
of information fusion, which can be performed at different
levels, e.g., a raw data level, feature level, or decision level.
An imputation strategy that fills the missing instances into
incomplete views is usually adopted at the raw data level.
The latent feature matrix shared by the distinct basis matrices
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of the individual views can be obtained from a weighted
NMF model at the feature level [15]. The imputation to an
incomplete similarity matrix is performed at the decision level.
Most imputations are considered to be a preprocessing step
in information fusion. However, imputation with respect to
missing features of the incomplete views or insufficient data
entries of the incomplete similarity matrix could adversely
affect the clustering performance of multiple views due to
the effect of low quality [24]. Essentially, it is the critical
step of IMVC to determine the whole similarity matrix, each
of whose elements is used to measure the relationship of
all the samples. As a result, effective information fusion of
incomplete similarity matrices has great significance to IMVC.

The IMVC problem can be regarded as determining a finite
set of clusters with respect to a given similarity measure. From
the perspective of clustering, similar samples are grouped
in the same cluster, and dissimilar samples are divided into
different clusters according to a complete similarity matrix.
This similarity matrix is sparse, as most elements are zeros.
Motivated by recent progress in sparse representation [1], [9],
[11], a number of subspace clustering methods are proposed
to address the clustering problem of high-dimensional data
in a single view [12], [28]. These methods rely on the
self-expressiveness property of high-dimensional data by rep-
resenting each data sample as a sparse linear combination of
other samples. However, these methods are insufficient to cope
with the challenges faced with incomplete multiview data.

In this article, we present an augmented sparse representa-
tion (ASR) method for IMVC. The flowchart of the proposed
method is demonstrated in Fig. 1. Specifically, we first intro-
duce a discriminative sparse representation learning (DSRL)
model, which makes full use of the self-expressiveness prop-
erty to learn the sparse representations of multiple views.
We integrate the sparse regularization item and a consensus
regularization item into the DSRL model to explore the
complementary and consistent information of different views.
Simultaneously, the DSRL model learns a discriminative dic-
tionary from the original samples. Sparse representations of
multiple views are adopted to measure the similarity of the
existing features. Then, we present a similarity fusion scheme,
namely, a sparsity augmented fusion of sparse representations,
to obtain a sparsity augmented similarity matrix across differ-
ent views, which preserves the similarity between each pair of
samples, for spectral clustering. In addition, we show the con-
vergence analysis and complexity analysis of the ASR method.

Our major contributions are summarized as follows.

1) The DSRL model that integrates the sparse regulariza-
tion item and a consensus regularization item to explore
the complementary and consistent information across
multiple views is presented.

2) An alternating iterative optimization algorithm to
learn a discriminative dictionary for sparse repre-
sentation and simultaneously obtain sparse represen-
tations of multiple views in the DSRL model is
proposed.

3) A sparsity augmented fusion of sparse representations to
obtain a sparsity augmented similarity matrix across dif-
ferent views under a theoretical convergence guarantee
is presented.
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Fig. 1.

Flowchart of the ASR method. In the vth view, XE.“) consists of the existing features, D® is a dictionary, Z®) is a sparse coefficient matrix, and

W® is used to measure the similarities among the existing features. Finally, W is a sparsity augmented similarity matrix across multiple views.

4) Extensive experimental results show that the proposed
ASR method achieves considerable improvement over
the state-of-the-art IMVC methods.

The remainder of this article is organized as follows.
In Section II, we give a brief review of related work.
In Section III, we present the proposed ASR method and
its theoretical analysis. Extensive experimental results are
reported in Section IV. Finally, the conclusion is given in
Section V.

II. RELATED WORK

In this section, we briefly review the most related work,
i.e., sparse representation techniques and IMVC methods. For
consistency, the descriptions of the symbols are summarized
in Nomenclature section.

A. Problem Formulation

Given a set of incomplete multiview data {X® e R%*"}
(v €{1,2,..., N}) with n samples, N views, and c clusters,
X® is the oth view of the multiview data. Each sample
has an individual feature in each view, and all the features
of each sample are strictly aligned in multiple views. Each
view X® has a total of n features of samples, i.e., X®) =
[xgv),xgv),...,xr(l“)], where all the missing features of the
samples are filled with zeros. Specifically, a diagonal indicator
matrix M® e R"*" is defined as

(v

1, the existing feature x; ) in the vth view

MY =
" 0, otherwise.

ey

IMVC aims to group n samples into ¢ clusters by integrating
all N incomplete views.

B. Sparse Representation Techniques

Let X = [X[,Xa,...,X,] € R?” be a matrix, and each
column of X represents a sample. By virtue of the self-
expressiveness property of high-dimensional data, a sample
x; € RY (1 <i <n) is represented by the linear combination
of the elements of X

x; = Xz; + e )

Algorithm 1 Vector Projection Algorithm [11]

: Input: A vector v € R"” and a parameter ¢ > 0
:Sortvinto q: q1 > q2 > -+ >y,
: Searchm = max{j : q; — %(Zf:l q — a) >0,j€ [n]},

tLetg = (20, 4 — o),
: Output: r where r; = max(v; — ¢,0),i € [n].

[ N U R S

where z; € R" is a coefficient vector, and e € R? is
an error term. Inspired by the advances in the /p-norm and
l1-norm techniques, z; is expected to contain a small number
of significant coefficients [1], [9], [11]. For instance, Elhamifar
and Vidal [12] proposed a sparse subspace clustering (SSC)
method to exploit the low-dimensional subspace structures of
high-dimensional data. The SSC method considers a sparsity
constraint in the following optimization problem:

min [|Z[lo + allE|% st X =XZ—E, diag(Z)=0 (3)

where Z € R"*" is a sparse coefficient matrix, and E € R4 jg
an error matrix. In particular, Z is regarded as a sparse repre-
sentation of X, which is used to measure the similarity among
samples. For example, z;; represents the similarity between
x; and x;. This problem can be solved using an alternating
direction method of multipliers (ADMM) framework [2]. After
Z is obtained, spectral clustering algorithms, e.g., Ncuts, are
applied to obtain the final clustering result [25], [33].

Duchi et al. [11] proposed an efficient projection algorithm,
which performs Euclidean projection onto the positive sim-
plex, onto the /;-Ball to obtain high degrees of sparsity of the
high-dimensional data. Given a vector v € R”, a sparse vector
r € R” is achieved by solving the following problem:

n
min r—v[; st > ri=0, 1 >0 4)
i=1
where o is a scalar. Problem (4) has a closed-form solution,
which can be efficiently solved by Algorithm 1 [11]. The
computational complexity of Algorithm 1 is O(nlog(n)).

C. IMVC Methods

NMF essentially aims to find a compressed approximation
of the original data matrix. Given the matrix X, it can be
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factorized into two nonnegative matrices, i.e., U € R and
V € R where U and V are a basis matrix and a latent
feature matrix, respectively. The NMF optimization problem
is formulated as follows [3]:
min [X-UV'|% st U=0, V=>0. )

UV
Several NMF-based methods have been proposed to learn a
common feature matrix by introducing [/, j-norm regularized

regression [15], [16]. For example, the optimization problem
of the weighted semi-NMF for IMVC is formulated as

ﬁ (Ix® — oV M)

min
U®,V,B®

v (oo g,
st. V>0 "~ (6)

where o and f are two parameters, and B® e R%* is a

regression coefficient matrix for the oth view [15]. A novel
alternating iteration procedure on the variables {U(")}f)\’:l,
{B®™}Y_ |, and V can be applied to solve problem (6). The
common latent feature matrix V is calculated by solving the
above optimization problems [15]. Finally, the final clustering
indicators can be obtained by applying k-means on V [18].
These methods avoid the requirement of imputing missing
features with the average.

III. AUGMENTED SPARSE REPRESENTATION FOR IMVC

In this section, we present the proposed ASR algorithm,
which learns a sparsity augmented similarity matrix across
different views for IMVC. The proposed ASR algorithm
is mainly composed of two submodels, DSRL and sparsity
augmented fusion of sparse representations for multiple views.

A. Discriminative Sparse Representation Learning for
Incomplete Multiple Views

Considering the indicator matrix M®) given in the vth view
of incomplete multiview data, the features of the vth view can
be represented by X®)M®). The missing features are replaced
with zeros in X®M® . In particular, the sample is regarded
as an outlier if all the features are missing in all the views.
Suppose ng e R%*" consists of the existing features in the
vth view, where n, is the number of the existing features. This
indicates that the columns of X®)M® containing all zeros are
removed.

For incomplete multiview data, we first explore the com-
plementary information across different views by learning a
sparse representation while ignoring the underlying informa-
tion of the missing features. Specifically, a sparse represen-
tation model that contains a sparse constraint is formulated
as

. 1 o v v v 2 o v
min >3 [XO X020} +a > |20,
v=1 v=1
s.t. diag(Z®) =0 (7
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where o is a trade-off parameter. The diagonal constraint
diag(Z™) = 0 is used to prevent the trial solutions of sparse
representation in problem (7). In addition, Z®) is a coefficient
matrix, which is considered to be a sparse representation for
the oth view, where zgf) is used to measure the similarity
between each pair of features x; and x' in the vth view. The
sparse regularization item ||Z®||, allows us to capture a local
structure of incomplete multiview data. This enables the sparse
representation model to seek the relationship of the existing
features. Consequently, the complementary information across
different views contained in Z® (v =1,2,..., N) can be
effectively exploited in the sparse representation model.

Then, we consider the consistent information across dif-
ferent views of incomplete multiview data. The indices of
columns of the missing features in a view may be completely
different from that of the missing features in another view.
The size of Z® may be different from others in multiple
views since it characterizes the relationship among the existing
features. Hence, we design a similarity alignment rule for dif-
ferent sparse representations of incomplete multiple views. For
clarity, we suppose that W € R"*" represents the similarity
of the complete features in the oth view. Specifically, WS’)
represents the similarity between xf“) and xE“). A mapping
function of the rule A(-) is defined as

W — h(Z(“), M(“)). (8)

Here, h(-) follows the rule that all the elements of Z® are
filled into the corresponding entries of W®  and the other
entries of W® that are used to measure similarities between
the missing features and the other features are filled with zeros.
Considering Z® in the vth view and Z™ in the wth view,
we introduce another mapping function g(-), i.e.,

Ccow) _ g(idx(l))’ W(w)), )

Here, g(-) follows the rule that all the elements of C®-*)
are chosen from the entries in W) using the indices of
the columns of the existing features, idx(v), in the oth
view. Hence, C”®) ¢ R™*™ denotes the alignment sparse
representation of the wth view corresponding to the vth view.
The size of C®®) is the same as that of Z®. Considering
Z™) consistent information is pursued using consensus regu-
larization item, which integrates the sparse coefficient matrix
of the view and its alignment sparse representations of other
views, i.e.,
2

N
7 _ ;@) Z Cwsw)

w=1,w#v

(10)
F

where 1) is a parameter of the vth view.

A discriminative dictionary plays a crucial role in sparse
representation learning when we take advantage of the
self-expressiveness property of high-dimensional data. Hence,
we introduce discriminative dictionary learning into the sparse
representation model, which is able to learn a discriminative
dictionary D® e R®*™ from the original samples instead
of using all of them as a dictionary. To prevent D® from
being arbitrarily large, we consider a constraint ||dfv)||2 <1,
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where df“) is the ith column of D™, Finally, we present a
discriminative sparse representation model to pursue the sparse
representations of the existing features across different views

D(I})n?(w 3 z ||X(“) pD®7Z® ”
N v 2
+ a Z |z I+ 4 Z® _ ,® Z )
v=1 2 w=1,w#v P
s.t. diag(z(v)) =0, dev) 2 <l,i=1,...,n, an

where £ is a trade-off parameter.

B. Optimization Strategy

The discriminative dictionary D® and the sparse coefficient
matrix Z® are learned based on minimizing problem (11),
which can be effectively solved using an ADMM framework.
In problem (11), all the variables associated with each view
can be updated independently. Therefore, we consider the
following optimization problem for the vth view:

min HX(”) p®z® H2
NOWA) 2 F
2
ﬁ (v) ) g (v,w)
+a}|z<v>H0+5 zV -0 ¢
w=1,w#v F
st diag(z) =0, |a <1 i=1n. 2)

We introduce an auxiliary variable J® e R%*™ into
problem (12) and consider the following equivalent problem:

© _ p®1© >
D(n>nzl<1u1)lJ<u) ZHX —D™J ”F
2
5 N
() gz _ 4() (v,0)
+ a2, + 2|20 -4 3 ¢

w=1,w#v F

st JO =20 — dlag(Z("))
ol
Hd,.”) <1 i=1,. (13)
where 1®) is computed as

1

20 — (14)

2/l -z,

The augmented Lagrangian function of problem (13) can
be written as follows:

E(D(”), Z("), J(v), Y(v))

1 v v v 2
— e pogo:
N 2
+a]z¥], +ﬁ IO -0 3 cow
w=1l,w#v

F
+ tr(Y(“)T (30 -z 4 diag(Z(D))))

a0 20 4 diag(20) [} 13

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 35, NO. 3, MARCH 2024

where 1 > 0 is an adaptive penalty parameter, and Y®) e
R™>™ ig the Lagrange multiplier. The augmented Lagrangian
function of problem (15) can be transformed into the following
equivalent function using linear algebra techniques:

ﬁ(D(U), Z(U), J(“), Y(U))
X0 =Dy

2

+a]z¥], +/3 JO _ 3@ Z cow
w=1,w#v

Y®
+ % HZ(“) — diag(Z") — (J“’) + —)
u

F
2

(16)
F

According to the ADMM framework, we need to update
each of D@, Z® J® and Y® alternately while keeping
the other variables fixed until the algorithm converges. For
clarity, we denote D(Z "1y ZEZ 1) and J© “ +1) as the optimization
variables at the (k + 1)th iteration, and YW (+1) as the Lagrange
multiplier at the (k 4 1)th iteration. The updating scheme at
the (k + 1)th iteration is formulated as follows.

Updating rule for J® at the (k 4 1)th iteration by setting
the partial derivative of £ in function (16) with respect to J®
to zero, we can obtain

IO = A(DY XD + 0z + pB - Y

J +1 = normalize, 1) (Jk+1> (17

whee A = O DO +(u+p- D' and B =

/1(0) Zw 1L, w#v C(U w)
Update the rule for Z® at the (k + 1)th iteration
(v . o (v
), = o HZk+)1 Ho +

O\ |?
Hzo 5o Y
i 5 |[“x+1 k1 T
Zk+l 'u F

20, 2, —aine(2),). as)

The hard thresholding operator 7 s (x) applied to each element
of a given matrix is defined as follows [1]:

0, if
Tt =1 : x| < /1
x, if |x| > /7.

The closed-form solution of the first problem in (18) is
obtained using the operator 7°

) w Y
iy =T /= Jie + i

Updating rule for D® at the (¢ + 1)th iteration, the updated
dictionary D,({ljzl is accordingly expressed as

19)

(20)

() y@)
HX“” D), 3,

2
(F. Q1)

According to the constraint J® = Z® —diag(Z®) in problem
(13), we consider Z,(szl in the second expression of (18) to be
()

a surrogate for J,_/, in problem (18), which is beneficial to
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achieve the dictionary D,(fizl for the effective reconstruction of

the features in the sparse representation. Hence, we have
1 2
W ) _ ) ()
W(DkDJrl) ) HXS)) - DkD+1Z/:+1 HF

The update rule of the first-order stochastic gradient descent
for D,((ljzl is

(22)

(v)
p® p® 1 aV/(D"“)
k1 < Vi1 — z 61)7(”)
k+1

(23)

where (1/7) is a gradient step. In practice, each column of
Dy is calculated individually. We set © = A[, j] while cal-
culating the jth column of Dy, where A = ZkZ,{ [26]. The

gradient of w(D,E“)l) with respect to D,((")1 can be computed as

+ +
follows:
()
aW(Dk+1)
®) 7 ® o) T ©) ) T
O DL LY, XL, (24)
oD,

For constraint t||dfu) > < 1 in problem (13), we introduce the
following constrained optimization:

DO, i)
max{l, D@, 1)||§}

DY, i) « (25)

Updating the rule for Y®) and s, at the (k 4+ 1)th iteration,
()

given Z,(:ﬁl, J,((ljzl and py, the Lagrange multiplier Y/, is
updated to
Y15D+)1 =Y + ﬂk(Zl(:zl - J15D+)1)' (26)
The penalty parameter u;; is updated based on
Hi+1 = min(p/uka ﬂmax) 27

where p, u1, and max are constants.

These steps are repeated until the convergence condition
is satisfied for each view, i.e., ||Z,((UJ21 - J,(f+)1||max < g, or the
number of iterations exceeds a maximum iteration number.
According to the mapping function &(-), we finally obtain
W® using Z,(fizl and M®. Algorithm 2 summarizes the entire

optimization procedure for problem (11).

C. Sparsity Augmented Fusion of Sparse Representations

As analyzed above, W® e R™" cannot characterize the
full similarity of the features due to the missing features of
the samples in the oth view. However, the features of these
samples are still preserved in the other views. This indicates
that complementary information of multiple views is contained
in the sparse representations of different views. With sparse
representations of the incomplete multiview data, we manually
perform sparsity augmented fusion of sparse representations
without tuning parameters. Suppose W € R"*" is a sparsity
augmented similarity matrix across multiple views. We first
present a simple but effective sparse representation fusion
scheme for IMVC. We achieve the fused sparse representation

4063

Algorithm 2 Solving (11) Using an ADMM Framework

Input: Data matrices X = {X(”)}iv=1 and M = {M(”)}
parameters o > 0 and S > 0.

Initialize: p = 1.1, 1, = 1072, Hmax = 10°, ¢ = 1079,

k =1 and maxIters = 500.

v=1to N do

N
v=1"

1: for

2 Xg”) consists of the non-zero columns of X®M®);
3 DY =X,

4 ZE‘“) =JV=Y" =0

5: end for

6: while not converged do

7:  update J,Eljzl using (17);

8: update Z,(:jz] using (18);

9: update D,(fﬁl using (23), (24) and (25);

10: update the multiplier using (26);

11: update the parameter using (27);

12: /¥ check the convergence condition for each view: */
13:  converged = true;

14: for p=1to N do

15 if HZ’(Jﬁl - J,((“jl’ > ¢ then

16: converged = fng?se;

17: end if

18: end for

19: if k >= maxIters or converged then
20: break;

21:  end if

22: k< k+1;

23: end while

24: for v=1to N do
25 WO = h(Z,EZQI,M@))
26: end for

Output: W®),

result by averaging the nonzero elements of the sparse repre-
sentations in multiple views. Specifically, each of the elements
in W can be calculated by

1

(v

W;; = o Zwi})
L

v=1

(28)

where n;; is the number of nonzero elements in Wl(;)
The sparsity ratio (SR) of W is defined as

Wil

SR(W) = S2o0W)

(29)
where size(W) is the total number of elements in W. From
the perspective of graph connectivity, the fused result of the
sparse representations in multiple views remains sparse, which
ensures high correlations for samples with the same cluster.
Unfortunately, the positions of the missing features are often
inconsistent in different views. The sparsity of W cannot be
guaranteed even though W) is sparse in each view. Moreover,
the sparsity of the result of Algorithm 2 is determined using
(20). The parameter o is not known, and u; always increases
during the iterations of Algorithm 2. The sparsity of W®) may
not be achieved in Algorithm 2. Consequently, we take into
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account the sparsity in the fusion of the sparse representations
across different views.

We propose an alternative fusion scheme, namely, sparsity
augmented fusion of sparse representations, when SR(W) is
greater than a given value. The sparsity augmented similarity
matrix W can be achieved by solving the following problem:

N 2
z H@ W)
v=1 F

1"w; =1

min t||WJ; + |W —
W

S.t. w;j > 0, (30)

where 7 is a parameter, #©) is a positive scalar, w; € R”
represents the ith column of W, and w;; is the jth element
of w;. This scheme adopts the weight of the vth view #® to
consider the individual importance of each view in the sparse
representation fusion of multiple views.

The first term ||W||; is a constant in problem (30) according
to the definition of ||-||; and the constraint 17w; = 1. Hence,
the optimization of problem (30) is simplified into
2

N
min W= 0YW  stw; >0, 1'wi=1. (31

v=1

F

When #® is given, the optimization of each vector w; that
represents the ith column of W is independent in problem
(31). We formulate problem (31) in a vector form as follows:

N 2

w, — ZH(”)wfl’)

v=I

min st.w;; >0, 1"w; =1. (32)
Wi

2
The optimal w; has a closed-form solution, which can be
efficiently obtained with the guarantee of sparsity using Algo-
rithm 1 [11].

In problem (31), #® is considered to be a positive weight
to balance the significance of the vth view. Here, we further
exploit the adaptive weight of the vth view #® as follows:

g 00 (w ) sewsz0 =t

v=1 i,j=1
(33)
The Lagrangian function of problem (33) is written as
wu, 20(") Z (w,j — w(”))
i,j=1
—y (1Tw,~ —1) - p’w; (34)
where y is a Lagrange multiplier, and p € R’ is a non-

negative Lagrange vector. Taking the partial derivative of the
Lagrangian function with respect to w;; and setting the partial
derivative to zero for the vth view, we have

(9(0) Z (WU _W(U)) =7 _pj =0.

i,j=1

35
aw,, (35)
According to the complementary slackness Karush—Kuhn—
Tucker (KKT) condition, we have p; = 0 whenever w;; > 0.
Thus, if y =1 we get that

1

O
237 i (Wij — W )

oW —

(36)
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Algorithm 3 ASR Method
Input: Data matrices X = {X) }:}V and M = {M(“)}
number of clusters ¢, parameters a and f.
N
Initialize: ratio = 0.2, ¢ = 5¢~2, W; = 0, {61(")} = 0,
k =1 and maxIters = 500. .

1: Solve Problem (11) using Algorithm 2 and obtain the
. . ) N
optimal solution {W®} " .

)1’

2: Calculate W using (28);

3: Compute the sparsity ratio SR(W) using (29);
4: if SR(W) > ratio then

5:  while not converged do

6: for n=1to N do

7: Update 9,51)1 using (36);

8: end for N

9: Compute Wy, = > e,fflw@;

10: Apply Wyun and o' = 1 in Algorithm 1 to obtain Wy :
11: Check the convergence condition using (38);
12: if kK > maxlIters or converged then

13: break;

14: end if

15: k< k+1;

16:  end while

17: end if

18: Apply W in the NCuts algorithm, and obtain ¢ clusters of
X;

Output: The ¢ clusters.

We introduce an alternating optimization algorithm that
iteratively obtains W by solving problem (31) and updates
6™ using (36). The two steps are independent during iterative
computations. Let

F(W,00) = (37)

Ze(v) Z (Wu _ W(u))

i,j=1

be the objective value of the combination of problems (31)
and (33). The convergence condition is

(W) (W2 <

where ¢ = Se~2. Algorithm 3 summarizes the overall proce-
dures of the proposed method.

(38)

D. Theoretical Analysis

1) Convergence Analysis: We first discuss the convergence
condition in Algorithm 2. It would not be easy to prove the
convergence of Algorithm 2 in theory since the objective
function of problem (11) is not smooth. Fortunately, the
value of the convergence condition ||Z,(<”+)1 k +1 Imax steadily
declines as the number of iterations gradually increases in
our experiments. Hence, the convergence condition is finally
satisfied for each view under the ADMM framework, i.e.,

(v) (U)
1Z; — Jii1lmax < &, which is demonstrated in our exper-
iments. Then, we estimate the convergence condition in

Algorithm 3. The convergence of Algorithm 3 is proven by
Theorem 1.
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Theorem 1: The value of (38) will monotonically decrease
in each iteration until convergence
Proof: Suppose W and Wk+l are two optimal solutions
of problem (32) at k and k + 1, respectively. Then,

F(We00) = (Wi, 02)

_pW (D)
=0, Z( )
k+1 ) .

i,j=1
Considering ¢ = (1/m)(>7_,; Wij — ), m <n,and g = 1 in
Algorithm 1, we get ¢ < 0 after the first iteration.
According to the output of Algorithm 1, we have

©)
— 0%

n ( 2
k+1 v)
E (wij - W )

i,j=1

whk — whtl — wh —

ij ij max(
= pr41 < 0.

— pi+1,0)

Assume that the claim ¢z < 0 holds. According to the
constraints w;; > 0, we will have

n

k
E w; > 1
j=1

if k increases steadily. However, this does not hold because
of contradicting 1”w; = 1. This indicates that the following
equality holds:

’wf‘j - wffj*" <e

as k gradually increases, where ¢ is a small positive constant.
Hence, convergence will eventually be achieved as the value
of (38) monotonically decreases. O

2) Complexity Analysis: In Algorithm 2, three important
variables J®, Z®, and D® are updated alternately during
each iteration. The first step of Algorithm 2 that updates J®
requires the inverse operation of an n x n matrix, whose
computational complexity is O(n?). The second and third steps
that update Z® and D® take a computational complexities
of O(n?) and O(ZN d,n?) in Algorithm 2, respectively. The
overall computational complexity of Algorithm 2 is O(N (1 +
ZZI)V:l d,)n®) for each iteration. In addition, there are two
critical steps of iteratively updating #®) and W in Algorithm 3,
which require computational complexities of O(Nn?) and
O(n?log(n)), respectively. Therefore, the final overall com-
plexity of Algorithm 3 is O((t; N(1 + Zf)v:l d,)n®) +t((N +
log(n))n?)), where ; and ¢, are the numbers of iterations.

3) Sparse Representation Fusion Analysis: We analyze how
to ensure the sparsity of the fused result generated from the
sparse representation fusion in Algorithm 3. The solution of
problem (31) is equivalent to that of problem (30). The sparsity
of the solution of problem (31) is guaranteed by Algorithm 1.
In addition, we further discuss the sparsity stability of the
solution of problem (31) during the iterations in Algorithm 3.
In Algorithm 1, we sort z’ into vVivi>vy > >v, >0.
According to Theorem 1, w steadily increases as k increases
before convergence. As a result, my, gradually declines before
convergence in Algorithm 3. This shows that the sparsity
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TABLE I
STATISTICS OF THE DATASETS

Dataset  Clusters Views Data samples

BBC 5 4 685

Reuters 6 5 600
Flowerl7 17 7 1,360

ProteinFold 27 12 694
100leaves 100 3 1,600
Caltech101 101 6 8,677

stability of the fused result can be guaranteed during the
iterations.

4) Extension to MVC: We present an extension to the pro-
posed ASR method for complete multiview data. Specifically,
the diagonal indicator matrix M®) becomes an identity matrix
of size n x n in (5) if all the features are available in
multiple views. Similarly, the two mapping functions 4(-) and
g(-) degenerate into the equivalent mapping in (8) and (9),
respectively. In essence, the extension is a special case of the
ASR method for MVC. This enables the proposed method to
simultaneously exploit the intrinsic structures of complete or
incomplete multiview data.

IV. EXPERIMENTS

In this section, we evaluate our ASR method on publicly
available datasets for IMVC. The proposed ASR method is
implemented in the MATLAB 2019b. The MATLAB source
code for our method is available online.! We conduct experi-
ments on a Windows 10 platform with an Intel i17-10700 CPU,
32 GB of RAM and MATLAB runtime environment.

A. Experiment Settings

1) Datasets: We use six multiview benchmark datasets to
evaluate the proposed method. The important statistics of the
datasets are summarized in Table I. The descriptions of the
datasets are given as follows.

1) BBC Dataset [14]: It is collected from the BBC news
website and consists of 685 documents. This dataset
includes four views and was manually annotated with
one of the five topical labels.

2) Reuters Dataset [35]: It consists of 600 documents
written in five languages and their translations over
a common set of six categories. We randomly select
600 documents for this dataset, with each class contain-
ing 100 documents.

3) ProteinFold Dataset’: Tt includes 12 views, each of
which contains 694 protein domains that belong to
27-fold classes.

4) Flowerl7 Dataset [30]: It includes 17 different flower
categories with 80 images for each class. Each image is
represented by seven views.

5) 100Leaves Dataset [27]: Tt contains 1600 samples from
100 categories. The shape descriptor, fine scale margin,
and texture histogram features constitute three views to
depict the samples from different perspectives.

6) Caltechl0l Dataset [10]: It contains 8677 images of
objects that belong to 101 classes. Each object has

Thttps://codeocean.com/capsule/2092701/tree/v 1
2http://mkl.ucsd.edu/dataset/protein-fold-prediction
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approximately 30-800 images. We removed the back-
ground category.

We first consider all the features available in multiple views.
Then, we randomly remove certain features from each view.
The percentage of missing rates for each view is varied from
10% to 50% in intervals of 20%. For each sample, at least one
feature is preserved in one of multiple views. We applied a
principal component analysis (PCA) algorithm to preprocess
the original features of the samples and then normalize them
in the multiview data [36].

2) Comparison Methods: We compare the proposed ASR
method with several state-of-the-art IMVC methods, including
the doubly aligned IMVC (DAIMC) algorithm [15], self-
representation subspace clustering (SRSC) algorithm [22],
generalized IMVC (GIMC) algorithm [40], efficient and effec-
tive IMVC (EE-IMVC) algorithm [23], and autoweighted
noisy and IMVC (ANIMC) algorithm [13]. Moreover, we also
consider an important extension of SSC for comparison,
namely, SSCyge. Specifically, we first aggregate all the sparse
representation matrices, which are generated independently
using SSC from each individual view, into a single matrix.
Each element of the matrix represents the similarity between
two corresponding samples. Similar to the proposed method,
the missing features are also removed from the original data
in SSCygg. Then, we perform standard spectral clustering on
the matrix. For the competing methods, the source codes were
provided by their authors.

3) Evaluation Metrics: Following the previous work [5],
three standard metrics were adopted to evaluate the clustering
performance of all the competing algorithms, including clus-
tering accuracy (ACC), normalized mutual information (NMI),
and F-measure. In the experiments, a higher value of these
metrics indicates better clustering quality.

4) Parameter Settings: There are two initial parameters o
and f in the ASR method. The initial parameter a is tuned
in the range of {le77,5¢77,1e7%,5¢7°, 1e™>,5¢7, le™*},
while the initial parameter f is tuned in the range of
{le73,5¢73,1e72,5¢72,0.1,0.5, 1,5, 10,20}. Then we may
slightly tune the parameters to obtain the best results. For the
competing methods, the best results were obtained by manu-
ally tuning the parameters. For all the methods, we repeated
each experiment ten times and reported the average results and
the standard deviations. The best and second best clustering
results are shown in bold and underlined, respectively.

5) Estimation of the Number of Clusters: Determining the
number of clusters without any prior knowledge of data
distribution remains challenging. The accurate estimation of
the number of clusters can be determined if W is a strictly
block-diagonal matrix in problem (30). The number of clusters
can be obtained by counting the number of zero singular values
of L [25], which is defined as follows:

L=1-Q :WQ: (39)
where I € R"*" is an identity matrix, and Q is a degree matrix
for W, ie., g = Z';zl W;;. However, the structure of W is
often not sufficiently flexible to satisfy this requirement in
practice. Following the settings of the comparison methods,
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we assume that the number of clusters is known for each
dataset.

B. Evaluation of the Clustering Performance

1) Performance Comparison: We evaluated the proposed
algorithm on six multiview datasets. Table II shows the average
and standard deviation values of ACC (%), NMI (%), and
F-measure (%) of the ASR and the competing methods with
different missing ratios on the datasets. As shown in Table II,
the ASR algorithm consistently achieved the best results with
respect to ACC, NMI, and F-measure when compared with
the other algorithms in the experiments. For example, the ASR
algorithm achieved significant improvements of at least 3.65%,
3.35%, 3.35%, and 4.09% in terms of ACC when compared
with the other algorithms with different missing rates of
0%, 10%, 30%, and 50% on the BBC dataset, respectively.
Moreover, we observed the same advantages of our proposed
method in terms of ACC, NMI and F-measure in comparison
to the other algorithms on the BBC dataset. Similarly, the ASR
method outperforms the competing methods in terms of NMI
and F-measure on the other four datasets. This confirms that
with respect to ACC, NMI, and F-measure in the experiments,
our proposed method is very effective with varying missing
ratios.

As expected, the clustering performance usually declines as
the missing ratio increases in the experiments. In addition,
SSCygg often obtains comparable or even better clustering
results than some other compared methods in the experiments.
This demonstrates the advantage of learning sparse represen-
tation for measuring similarity among data samples. Similarly,
the SRSC method, which uses the self-representation property
of the high-dimensional data, achieves impressive clustering
results on all the datasets, especially on the ProteinFold
and 100leaves datasets. Both SSCpge and the SRSC method
enjoy a better clustering performance over the NMF-based
method, graph-learning-based method, and multiple kernel-
based method. This implies that subspace learning methods
are effective in measuring the similarity of data samples of
incomplete multiview data in the experiments. Moreover, the
proposed method performs significantly better than SSCagg
and the SRSC method in the experiments. The differences
in clustering performance between the proposed method and
the competing methods become larger as the numbers of
samples and views increase in the experiments. For exam-
ple, the proposed method achieves better performances on
the Flowerl7 and 100leaves datasets. This further validates
that ASR effectively obtains consistent and complementary
information among different views, which is beneficial to
improving the clustering performance.

2) Investigating the Running Time: The running time of the
proposed algorithm was also evaluated, and the results are
presented in Table III. We can see that EE-IMVC performs
more efficiently than the other algorithms. The running time of
the proposed algorithm drops significantly as the missing ratio
increases in the ASR algorithm. In addition, the ASR method
achieves the second best running times with a 50% missing
ratio in the Flowerl7, ProteinFold, and 100leaves datasets.
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TABLE II

AVERAGE CLUSTERING RESULTS AND STANDARD DEVIATIONS OF THE DIFFERENT METHODS WITH VARIOUS
MISSING RATIOS ON S1X MULTIVIEW DATASETS
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Datasets | Methods

ACC

NMI

F-measure

0 0.1 0.3 0.5 0

0.1

0.3 0.5

0 0.1 0.3

0.5

SSChage
DAIMC
SRSC
GIMC
EE-IMVC
ANIMC
ASR

BBC

90.22-£0.00 89.64£0.00 81.7540.00]
75.18+£0.00 73.860.00 68.46£0.00
91.1£0.00 89.240.00 82.63+0.00
82.0440.00 82.9240.00 77.23+0.00
70.89+4.96 68.89+4.37 58.32+£2.91
50.5+4.22 39.7443.49 34.414+2.83
94.45+0.00 92.99-£0.00 86.72+0.00

91.97+£0.00
81.021+0.00
91.11+£0.05
83.9410.00
70.02+4.74
72.85+£2.99
95.62-£0.00

77.961+0.00
65.3£0.00
75.711£0.10
67.7£0.00
54.074+2.71
51.4243.21
86.841+0.00

74.75+£0.00
63.012£0.00
75.46£0.00
63.27£0.00
53.97+291
28.01+3.54
83.27+0.00

72.154£0.00 56.15+0.00
48.66£0.00 42.98+0.00
70.81£0.00 56.73£0.00
64.89+0.00 58.56£0.00
49.9742.60 39.54+1.66
15.83+2.23 11.1£2.76
80.93+0.00 69.14-£0.00

91.9940.00 90.24-0.00 89.61£0.00
81.7140.00 76.5740.00 75.35+0.00
91.11£0.05 91.0720.00 89.19£0.00
83.5340.00 81.8610.00 82.71+£0.00
72.742.69 72.8742.88 70.6142.68
73.15+2.87 55.14£3.07 45.91£1.62
95.64-+£0.00 94.46-:0.00 93.1+0.00

81.4840.00
69.9240.00
82.744-0.00
77.78+0.00
64.141+0.78
37.224+3.47
87.48+0.00

SSChge
DAIMC
SRSC
GIMC
EE-IMVC
ANIMC
ASR

Reuters

56.174£0.00 55.23+0.40 40.82£0.20
49.2543.72 50.05+£4.55 45.88+5.41
54+0.00 54.57£0.20 52.05+0.18

34.791+0.34
32.15+£2.8
41.66£0.00

54.731+0.58
49.78+1.86
54.1740.00

36.051+0.00
31.91+4.01
40.96+0.00

384+0.04 26.4110.64
31.96+3.51 27.37+4.3
42.13+0.11 35.24+0.15

54.8£0.53 57.3940.00 57.37+0.13
49.742.09 49.78+3.03 50.7944.12
56.43+0.00 56.140.00 56.67+0.14

52.3340.00 51.5+0.00 5240.00

50.18+2.66 48.5+1.80 48.25+1.61
45.67+£4.68 37.58+1.97 33.83£4.07
65.68+0.05 63.33-£0.00 56.67+0.00

53.540.00
50.37+2.04
53.35+2.61
64.17+0.00

39.784+0.00
33.2+1.63

34.294+2.01

47.49+0.00

32.4540.00
30.96+1.50
27.01+3.77
48.54+0.17

29.9440.00 31.25+0.00
31.63+2.1530.91+1.71
20.38+1.98 14.53+£3.48
53.13+0.00 36.09-+0.00

56.37+0.00 52.94+0.00 51.25+0.00
50.33+£2.45 49.92+1.84 47.88+£1.86
53.942.83 48.0243.84 42.0642.17
63.83+0.00 65.560.05 65.44+0.00

42.83£0.23
47.434+4.33
53.6410.15
52.66+0.00
48.25£1.82
36.67+3.74
56.71+0.00

SSChge
DAIMC
SRSC
GIMC
EE-IMVC
ANIMC
ASR

Flower17

60.961+0.07 60.6540.13 57.1240.08 51.394-0.30{60.731+-0.06

58.940.07

56.84+0.08 46.1840.2

65.11£0.05 64.63+0.09 61.37£0.11

54.35+0.36

47.46£1.87
49.67+£0.53
48.38+0.00

59.241.92
4597+1.54
68.27+0.19

46.65+£1.92 43.04=£1.97 34.74£1.93
46.79+0.76 45.57£0.41 37.940.40
46.77£0.00 44.71£0.00 44.2740.00
58.63£1.29 52.67+1.64 48.63+1.06
37.931+1.24 34.324+1.41 31.94+2.23
64.59+0.17 62.07£0.26 52.17+0.22

49.2£1.72
52.78+0.42
50.5440.00
57.33+1.20
47.04£1.81
65.631+0.20

48.5£1.47

48.51£0.40
48.56+0.00
55.1240.91
36.62+1.25
61.94-£0.16

42.3240.92 32.53+£1.59
47.06£0.17 37.78+£0.43
48.07£0.00 45.95+0.00
49.89+0.84 43.29+0.62
32.9240.57 29.324+1.37
58.8+£0.23 48.1+0.32

50.84+1.87 50.73+£1.84 46.22+1.26
53.44+0.47 49.35+0.63 50.1+0.27
52.3940.00 50.43+£0.00 49.16£0.00
62.64+1.93 61.19+1.18 55.03£1.46
49.7742.22 41.1341.34 37.02£1.71
71.16£0.17 68.171+0.2 64.78+0.26

37.67+£1.94
41.86£0.04
47.09£0.00
51.12+1.16
34.78+2.46
55.56+0.19

SSChge
DAIMC
SRSC
GIMC
EE-IMVC
ANIMC
ASR

ProteinFold

25.99+1.09
28.26+1.43
37.06+1.44

24.42+0.78 24.65£0.64 19.27£0.79
27.51£1.88 27.28+1.5 24.58+0.92
34.0441.54 34.584+1.43 31.38+0.70

34.281+0.76
39.724+0.47
45.97£0.79

32.351+0.70
38.94+1.7
44.71£0.69

32.5240.72 26.36+0.59
37.164+0.97 33.384+0.65
43.124+0.75 39.13£0.80

27.82+1.32 26.3+0.85 25.96+0.4

20.95+0.87

31.4741.12 30.45+1.86 30.33+1.58 27.27+0.866

39.75£1.30 37.54+1.33 37.01£1.44

33.524+0.83

27.524+0.00
33.07£1.9
16.76+0.79

41.43+0.57

24.5+0.00 23.7840.00 21.1840.00
3444220 32.134+2.22 29.714+1.82
14.7740.57 13.621+0.55 12.85+£0.43
41.25+1.19 36.73£1.05 34.64+1.16

37.5110.00

43.25+0.78
249+1.35

50.26£0.57

33.6£0.00
43.63+£1.13
20.5440.61
50.03+0.48

30.8840.00 29.621+0.00
41.32+1.56 37.94+0.71
19.37+1.02 17.67£0.5
46.69+0.98 42.82+0.81

30.484+0.00 27.4£0.00 27.26+0.00
35.68+1.87 36.69+£1.97 34.53+£2.37
18.6+0.89 16.3+0.61 14.7840.65
43.33+0.56 43.59+1.04 39.89+1.09

23.8710.00

31.54+1.74
13.4940.5

37.51+£1.17

SSChge
DAIMC
SRSC
GIMC
EE-IMVC
ANIMC
ASR

100leaves

80.66+1.19
77.85£2.02
81.02+1.16

70.69+£1.08 54.15£1.62 33.33£0.72
60.21£1.66 45.69£2.13 31.91£1.16
70.71£1.14 51.16£1.48 33.88+0.85
79.63£0.00 66.2510.00 46.3110.00 24.44+0.00
74.76+1.03 64.0541.65 43.68+1.29 31.12+1.05
65.425+1.79 26.35+0.86 21.9+0.75 17.9+0.80
86.41£1.09 78.0410.73 56.31+0.81 40.52-+0.32

90.561+0.42
90.95+1.08
91.9440.68
91.7940.00
88.251+0.67

95.14£0.49

84.711+0.36
80.7£1.02
84.8240.41
84.9240.00
80.6+0.71

89.38-£0.42

74.15+£0.56 60.69£0.35
69.67+1.14 58.17£0.55
72.66£0.59 60.93+0.56

82.0240.98 73.18+0.87 57.77£1.27
80.79+1.87 64.76+1.64 50.6+1.82
83.5741.14 74.584+1.00 56.33+0.87

71.43+0.00 53.54£0.00
67.940.62 59.474+0.57

83.41£0.81 54.46£0.570 48.6£0.71 43.0240.51

74.34+£0.3 62.651+0.44

82.6440.00 69.5510.00 49.92+0.00
77.03£0.95 66.92+1.56 47.98+1.21
08.48+1.42 30.57+0.73 26.33+0.83
88.83+0.92 80.99+0.64 60.94+0.69

37.8£0.78

36.96+1.11
38.984+0.78
27.411+0.00
35.45+0.98
23.35+0.75
46.84£0.47

SSChge
DAIMC
SRSC
GIMC
EE-IMVC
ANIMC
ASR

Caltech-101

25.984+0.51 23.51£0.51 20.63+0.49 18.254+0.37
26.1£0.68 25.46+£0.87 21.15£1.36 18.7£1.05
23.73+£0.53  20+0.4 21.9 +0.53 18.2740.55
18.1140.00 16.094-0.00 15.0240.00 13.14£0.00
27.1240.88 26.57+0.57 21.364+0.92 18.9£0.55
15.21£0.57 9.73+£0.09 9.451+0.51 9.4640.23
28.46+0.88 26.771+1.14 22.61+0.55 19.03+0.34

47.284£0.12
51.55+0.29
48.47+0.38
39.05+0.00
51.674+0.33
35.274+0.35
52.98+0.32

44.63£0.20
50.5740.34
42.9240.21
36.0210.00
50.16£0.34
12.364+0.35
51.06£0.44

41.26£0.19 34.22+0.17
43.17+£0.7 36.371+0.88
42.26+0.21 37.01£0.41
35.1+0.00 30.5240.00
43.56+0.19 36.76+£0.34
16.78+£0.26 18.96+0.59
44.25+0.31 37.71+0.16

30.76+0.48 28.3+£0.67 24.53+0.54
32.854+0.82 31.71£1.1 27.53+1.55
29.994+0.57 26.39£0.61 27.65£0.52
23+0.00 19.61+£0.00 18.24+0.00
33.2141.11 31.614+0.61 27.41+0.87
19.47£0.69 7.5940.08 8.531+0.4
34.88+0.92 32.84+1.15 28.83+0.66

20.931+0.60
23.91+1.04
23.01+0.69
16.184+0.00
23.4+0.57
9.631+0.3
24.43£0.35

TABLE III

COMPUTATIONAL TIME (IN s) OF THE DIFFERENT METHODS WITH
VARIOUS MISSING RATIOS ON S1X MULTIVIEW DATASETS

Datasets [Ralio]SSCagg DAIMC SRSC GIMC EE-IMVC ANIMC ASR
0 [ 1478 689 185 1133 176  28.08 1061

BeC | 011273 773 197 1088 162 2035 930
03] 73 561 211 843 198 1562 636

05| 312 365 228 523 196 1137 299

0 [ 1544 1245 312 1185 155 149 O8I

Reuers | 01 [ 10:53 1206 321 958 142 1537 844
03] 808 929 326 864 146 1507 623

05| 445 34 297 529 182 858 354

0 (4747 14447 974 4264 701 15112 2955

Flower17 | 01| 3245 14527 1684 3543 681 17283 2539
03 2291 13987 2237 6279 73  199.11 18.95

0.5 | 16.68 13471 3149 52.13 723 20028 14.07

0 [ 3003 4586 432 2236 399 139.84 12.86
ProteinFold| 01 | 2398 4526 473 1972 402 22322 1096
03 | 1431 4553 567 2881 384 247.67 840

05| 7.88 46 639 2242 406 24308 6.02

0 | 676 3988 2085 677 2219 14194 64.63

L00leaves | O-1 | 5711 4415 2513 4325 226 13554 52.96
03 | 42.17 4833 28.07 3279 221 14124 3564

0.5 [ 3092 4626 3748 2388 217 1403 28.79

0 [7893.1 14602 853.184796.1 332.95 93969 3575.7
Caltech.101| -1 [3869.5 1457.3 7463158757 3226 91962 2823
03 [3110.7 14754 636.87 46054 299.98 9684.9 1514.1

0.5 [1465.3 1521.5 544.01 2802.7 288.83 9521.8 815.7

This is because the missing features are moved from the
original data in the ASR method. In particular, the proposed
method outperforms SSCyge in running time. This validates

the advantages of the computational efficiency of the proposed
method in terms of the sparse self-representation property of
high-dimensional data. In summary, the experimental results
show that the running time of the proposed method is medium
among all the competing methods.

C. Parameter Sensitivity Analysis

We conducted experiments to investigate the effect
of the parameters a and £ of the ASR algorithm in
terms of ACC and NMI. Due to space limitations,
we selected two representative datasets with different
missing ratios for parameter sensitivity analysis, the BBC
and ProteinFold datasets. The parameter range of a is
defined as {le™7,5¢77,1e7% 5¢7° 1e7>, 5¢7>, andle %)
for the two datasets. The parameter ranges of /S
are defined as {5, 10, 20, 50, 100, 200, 500} and
{le™3,5¢73,1e72,5¢72,0.1,0.5,1} for the BBC and
ProteinFold datasets, respectively.

Figs. 2-5 show the influences of the parameters o and S
of the ASR method with respect to ACC and NMI. From
Figs. 2-5, we observe that the ASR method performs well
with different missing ratios over a wide range of § and a
fixed range of a. This demonstrates that the ASR method can
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(b)
Fig. 3.
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(@

ACC with different o and f combinations on the BBC dataset. (a) Ratio = 0. (b) Ratio = 0.1. (c) Ratio = 0.3. (d) Ratio = 0.5.

(© (@

NMI with different o and f combinations on the BBC dataset. (a) Ratio = 0. (b) Ratio = 0.1. (c) Ratio = 0.3. (d) Ratio = 0.5.

(d

Fig. 5.

obtain relatively stable performance across a wide range of /.
However, it is slightly sensitive to the range of a due to the
sparsity of results. It is still an open problem to choose a
suitable range of a for different datasets without any prior
knowledge. Fortunately, selecting a suitable SR for the sparsity
augmented similarity matrix can help us alleviate this problem
to some extent. In practice, we usually set the range of SRs
to [0.02, 0.2]. Then, the range of a is adaptively determined
according to f and SR.

D. Effectiveness of the Sparsity

We investigate the sparsity effectiveness of the fused results
of sparse representations. Figs. 6 and 7 show how the SR of
the sparsity augmented similarity matrix learned using sparsity

NMI with different o and f combinations on the ProteinFold dataset. (a) Ratio = 0. (b) Ratio = 0.1. (c) Ratio = 0.3. (d) Ratio = 0.5.

augmented fusion varies with different combinations of o and
. We find that the proposed method obtains a relatively stable
SR with respect to a wide range of a and f on the BBC
and ProteinFold datasets. Moreover, the stability of SR of the
proposed method can be demonstrated with different missing
ratios. Combined with the clustering results in Figs. 2-5, the
satisfied clustering results usually fall into the region in which
the changes in SR fluctuate slightly. This also demonstrates
that a stable SR is beneficial to the determination of o and f
in practical applications.

E. Convergence Analysis

We first evaluate the stability of Algorithm 2. Specifically,
the differences in the convergence among different views in
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Fig. 7.
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(c) Ratio = 0.3. (d) Ratio = 0.5.
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Fig. 9.
(c) Ratio = 0.3. (d) Ratio = 0.5.

Algorithm 2 are examined when the convergence condition is
satisfied for each individual view. The maximum and minimum
iterations of multiple views are reported in Table IV. For
example, the minimum and maximum iterations of multiple
views are 44 and 45 in the BBC dataset, respectively, when
the missing ratio is 0. We can see that convergence can be
reached in a similar number of iterations for the maximum
and minimum iterations of multiple views. Thus, this indicates
that Algorithm 2 has good stability during iterations.

Then, we investigate the empirical convergence of the
proposed method. Figs. 8 and 9 show the convergence curves
of Algorithms 2 and 3 with different missing ratios on the
BBC and ProteinFold datasets, respectively. For each figure,

SR with different o and £ combinations on the ProteinFold dataset. (a) Ratio = 0. (b) Ratio = 0.1. (c) Ratio = 0.3. (d) Ratio = 0.5.
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Convergence results of Algorithm 2 with different missing ratios on the BBC and ProteinFold datasets. (a) Ratio = 0. (b) Ratio = 0.1.

Iterations Iterations

(c) (@

Convergence results of Algorithm 3 with different missing ratios on the BBC and ProteinFold datasets. (a) Ratio = 0. (b) Ratio = 0.1.

TABLE IV

MINIMUM (MIN.) AND MAXIMUM (MAX.) ITERATIONS OF
MULTIPLE VIEWS IN ALGORITHM 2

Datasets Min. Max. | Min. Max. | Min. Max. | Min. Max.
0 0 0.1 0.1 0.3 0.3 0.5 0.5
BBC 44 45 43 45 43 45 43 44
Reuters 33 36 32 35 21 26 33 37

Flower17 16 19 16 19 16 19 16 19
ProteinFold 12 15 13 15 12 14 12 14
100leaves 71 73 67 72 56 60 59 61
Caltech-101 31 34 33 35 21 23 25 29

the x-axis represents the iteration number, and the y-axis
denotes the absolute value of each convergence condition
for Algorithms 2 and 3. Fig. 8 shows that Algorithm 2
usually converges quickly in dozens of iterations although the
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convergence stability of Algorithm 2 is still studied in theory.
Moreover, we have already proved the convergence stability of
Algorithm 3 in theory. Fig. 9 shows the convergence curves of
Algorithm 3 on the BBC and ProteinFold datasets. It is clear
that the objective function values can quickly reach a steady
state, usually within three iterations. These results demonstrate
that the proposed method always converges quickly.

V. CONCLUSION

In this article, we present an ASR algorithm that integrates
the DSRL model and a sparsity augmented fusion scheme
for IMVC. In the DSRL model, the sparse regularization
item and a consensus regularization item are used to explore
the complementary and consistent information across multiple
views, respectively. The proposed method flexibly learns the
individual sparse representations of multiple views by making
full use of the self-expressiveness property of the existing
features in multiview data, where a discriminative dictionary is
simultaneously learned to improve the compactness of sparse
representations. When prior knowledge of the missing features
was available, we removed them from the original data to
effectively enhance the stability of the self-expressiveness
property. The method is totally different from most existing
IMVC methods, which either fill with zeros or the average
feature values instead of the missing features. Then, a sparsity
augmented similarity matrix across different views can be
obtained from a sparsity augmented fusion of sparse repre-
sentations, which preserves the similarity between each pair of
samples. The effectiveness and importance of SR of the simi-
larity matrix are validated in the experiments. The convergence
properties of the proposed method are presented in theory and
in practice. Extensive experimental results demonstrate that
our method improves the IMVC performance in comparison
to the state-of-the-art methods. In the future, we would like to
extend the proposed method to address the clustering problem
on multiview data stream clustering.
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